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Abstract Snap-off is an important dynamic multiphase ﬂow phenomenon which occurs in porous media.
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It plays a dominant role in the residual trapping and mobilization/immobilization of nonwetting ﬂuids such
as hydrocarbons or CO2. Current studies, applications, and threshold criteria of snap-off are mostly based on
static or equilibrium conditions. Thus, the dynamics of snap-off which is relevant for many real world applications has rarely been systematically studied. While a static criterion indicates the snap-off potential for
nonwetting ﬂuids, the competition between the time required for snap-off and the local pore throat capillary number determines whether snap-off actually occurs. Using a theoretical model to couple the wetting
ﬁlm thickness to the local capillary number at the pore throat, we analyzed the dynamics of the wetting/
nonwetting interface instability in sinusoidally constricted capillary tubes. The inﬂuence of dynamic factors
as encapsulated by the effect of local capillary number on nonwetting ﬂuid snap-off time were investigated
for varying pore throat to pore body aspect ratio and pore body distances. The analysis showed that
snap-off can be inhibited by a sufﬁciently large local capillary number even in cases where the static
snap-off criterion has been met.
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1. Introduction
The snap-off of a nonwetting ﬂuid, which is the breakup of a continuous nonwetting ﬂuid into separate ganglia due to surface tension, is an important phenomenon in subsurface multiphase ﬂow. Applications of
snap-off include oil recovery and environmental remediation [Beresnev and Deng, 2010; Ransohoff et al.,
1987; Roof, 1970]. Snap-off is also critical for residual trapping in geologic sequestration of CO2 [Al-Futaisi
and Patzek, 2003; Altman et al., 2014; Deng et al., 2014; Juanes et al., 2006; Valvatne and Blunt, 2004].
Snap-off studies usually fall under two categories: (1) static (or quasistatic) snap-off criteria and mechanisms
in porous media [Beresnev et al., 2009; Deng et al., 2014; Kovscek et al., 2007; Ransohoff and Radke, 1988;
Ransohoff et al., 1987; Roof, 1970; Rossen, 1999, 2003], and (2) dynamic snap-off in local pores [Beresnev and
Deng, 2010; Gauglitz and Radke, 1990; Hammond, 1983; Kovscek and Radke, 1996]. Roof [1970] presented his
static criterion for snap-off for a circular pore when the oil meniscus is located near the pore throat of interest. This snap-off is caused by the imbalance between the capillary pressure at the front meniscus in the
pore body and local capillary pressure at the pore throat. The Roof snap-off criterion has been regarded as a
classic criterion for snap-off. Later, following the same idea of Roof [1970], Ransohoff et al. [1987] extended
the snap-off criterion to noncircular pores. Recently, Deng et al. [2014] further extended the Roof and
Ransohoff criteria by considering the imbalance between local capillary pressure at the pore body and local
capillary pressure at the pore throat when the nonwetting ﬂuid is continuous through pore bodies near the
pore throat. However, all these criteria were based on static (or quasistatic) capillary pressure imbalance. In
current applications of snap-off theory, it is generally assumed that snap-off will always occur as long as the
static snap-off criteria are met.
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The above static (or quasistatic) snap-off criteria are usually implemented as formulas in current porenetwork modeling. However, such formulas are based on an incomplete description of snap-off. Besides the
static factors, snap-off is also affected by the dynamic factors of multiphase ﬂow within single pores which
are typically encapsulated by the capillary number. The capillary number, the ratio of the viscous force to
capillary force, is a dimensionless parameter useful for characterizing dynamic multiphase porous media
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ﬂow. Thus, the impact of capillary number on multiphase ﬂow phenomena has been the subject of numerous experimental, computational, and theoretical studies.
It has been experimentally shown that ﬂow patterns and pressure evolution during drainage depend on
the capillary numbers [Aker et al., 1998a,b]. Direct two-phase ﬂow simulation based on imaging experiments
with computed tomography have shown the dependence of capillary trapping in sandstone and sandpack
columns based on capillary number [Raeini et al., 2014, 2015]. Experimental investigation, using 3-D micromodels and confocal microscopy, has also shown the impact of both wetting and nonwetting capillary
numbers on the transition from connected to disconnected ﬂow [Datta et al., 2014]. Computational investigations showed that the numerical stability of dynamic pore-network models depends on the capillary
number [Joekar-Niasar et al., 2010]. In addition to pore-network modeling, direct two-phase ﬂow simulation
using the volume of ﬂuid method has been conducted to investigate the effect of capillary number on relative permeability curves. Finally, the impact of capillary number on snap-off has been investigated but this
has been mainly through pore-network modeling. Payatakes and coworkers [Payatakes, 1982; Dias and
Payatakes, 1986] developed pore-network models to study the dynamics of oil ganglia and the effect of
capillary number on the patterns of ganglia ﬂow. The found that at low capillary numbers, the dominant
break-up of ganglia was by snap-off of elongated ganglia; at high capillary numbers, dynamic break-up of
the ganglia occurred by its motion toward several directions. It has also been shown through dynamic
pore-network modeling that increasing displacement rate suppressed snap-off during imbibition [Nguyen
et al., 2006]. Mogensen and Stenby [1998] also found that snap-off was suppressed at the capillary number
range of 102821027 in their dynamic pore-network modeling. However, the snap-off formulas considered
by their pore-network models were based on the static (or quasistatic) criterion, and thus dynamic factors
were ignored. The capillary numbers in all of the above studies were deﬁned as the product of the total
Darcy velocity of the porous media and the viscosity of ﬂuid divided by the interfacial tension between the
two ﬂuids; the ﬂuid viscosity used in the deﬁnition of capillary number could be the viscosity of the invading ﬂuid, the viscosity of the wetting ﬂuid, or the maximum viscosity of the two ﬂuids.
The goal of our study is to further understand the impact of dynamic factors, as encapsulated by the effect
of local capillary number, on the occurrence of snap-off and the snap-off time; this is in contrast to previous
studies which have mostly focused on static factors or the few dynamics-focused studies that primarily
modeled the evolution of interfaces. The local capillary number, which uses the local ﬂow ﬂux within a local
single pore, is calculated for a given pore which is different from the global capillary number which uses
the total Darcy velocity of the bulk porous medium or connected pore-network medium. Here, we thus
combine the local ﬂow ﬂux, the interfacial tension and the viscosity of the wetting ﬂuid into a more general
dimensionless number, i.e., the local capillary number, which encapsulates the competing dynamic effects.
We accomplish our goal by analyzing the interface dynamics and snap-off in sinusoidally constricted pores
following a previous theoretical study which developed the interface evolution equation [Beresnev and
Deng, 2010].

2. Methods
2.1. Recasting of a Previous Theoretical Model
Recently, Beresnev and Deng [2010], hereafter referred to as the BD model, proposed a nonlinear dimensionless evolution equation to describe the dynamics of snap-off and to calculate the snap-off time, which was
based on the volume conservation equation of ﬂuid ﬂow and the lubrication approximation describing the
velocity proﬁle within the tube, as other evolution models. In the BD model, both wetting and non-wetting
ﬂuids are viscous liquids with arbitrary viscosities. This evolution equation was veriﬁed using both ﬁnitevolume and ﬁnite-element based computational ﬂuid dynamics (CFD) simulations; the solution of the evolution equation agreed very well with the results of CFD simulations with respect to the snap-off time and corresponding interface conﬁgurations [Beresnev and Deng, 2010]. The numerical solution of the BD evolution
equations usually took seconds to compute, compared to hours for corresponding CFD simulations. Therefore, the evolution equation enables systematic, computationally affordable studies of snap-off with respect
to changing controlling parameters. In our snap-off studies, we recast the original BD model to have more
appropriate dimensionless variables, and then we used this model to systematically investigate the effect of
local capillary number on the occurrence of snap-off and snap-off time.
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Figure 1. Illustration of terminology and notation used for geometric properties of a single pore. 1/Rb and 1/Rt are the circumferential curvatures of the pore body and the pore throat, respectively.

Following the BD model, we introduce the dimensionless variables of the model as follows with some
modiﬁcations:
r5r  =Rb  ;

x5x  =Rb  ;

p5p =ðr =Rb  Þ;

s5t  =ðlw  Rb  =r Þ

(1)

Ca5Q =ðpr Rb 2 =lw  Þ

where r* and x* are the radial and axial coordinates, respectively, t* is the time, p* is the pressure, Q* is the
local discharge in the pores, Rb is the maximum radius of the pore body, lw* is the viscosity of wetting ﬂuid,
r* is the interfacial tension between wetting and nonwetting ﬂuids, Ca is the local capillary number in the
pores, and it should not be confused with the macroscopic capillary number, which is for bulk porous
medium or connected pore-network medium. In this theoretical model, we used lw* instead of ln*, which
is the viscosity of non-wetting ﬂuid, as in the BD model to nondimensionalize the variables, and we introduced the Ca to replace the dimensionless volumetric ﬂow rate Q. Hereafter, unless stated, Ca only pertains
to the local capillary number. The variables with an asterisk are dimensional, and the variables with no asterisk are their dimensionless counterparts. In the following text and ﬁgures, we only use the no-asterisk notation to refer to the variables.
The geometry of the theoretical model is illustrated in Figure 1. The conﬁguration of the pore wall follows
the sinusoidal function:


ð11aÞ ð12aÞ
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kðx Þ5
2
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(2)
2
2
L
where k is the radial distance of the pore wall, a is pore throat (with radius Rt) to pore body (with radius Rb)
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where la is the viscosity ratio of the nonwetting ﬂuid to the wetting ﬂuid deﬁned as la5 ln*/lw*, and j(x, s)
is the conﬁguration or the radial position of the wetting/nonwetting interface. The details of the derivation of
(3) can be found in Beresnev and Deng [2010].
2.2. Initial and Boundary Conditions
In the interface evolution model, we assume the initial wetting ﬁlm is uniformly thick with initial ﬁlm thickness of b. Therefore, the initial wetting/nonwetting interface conﬁguration is: j(x, s50) 5 k(x)2b as demonstrated in Figure 1. We also consider that the constricted pores are periodic, and the boundary conditions of
(3) are thus: j(x52L/2, s) 5 j(x5L/2, s).
The partial differential equation which governs the evolution of the interface (3), along with the initial and
boundary conditions, was solved numerically using MathematicaV. The solution does not, however, provide
the complete rupture of the interface. Instead, when the interface approaches r 5 0, we assumed that the
R
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Figure 2. Illustration of inhibition of large local capillary number Ca on snap-off occurrence. (a) Ca 5 0.0006, (b) Ca 5 0.001, and (c) Ca 5 0.0019 are included in the ﬁgure. The pore throat
to pore body aspect ratio a 5 0.4; the pore body distance L 5 14; viscosity ratio la 5 1.

snap-off completes at this moment, and we mark the time ss as the snap-off time. The theoretical model’s
ability to predict the snap-off time and interface conﬁguration right before snap-off was validated by CFD
simulations; details of the validation can be found in Beresnev and Deng [2010].
2.3. Film Thickness Calculation
Modeling with the interface evolution equations require that b should be prescribed a priori as an initial condition. In the core-annular ﬂow, b is actually dynamic and depends on Ca and thus b should be coupled to Ca.
Bretherton [1961] proposed a theory to predict b in the limit of low Ca for a straight tube following a power
law: b 5 1.34Ca2/3. However, this theory has not been validated by laboratory measurements. Recently, Beresnev et al. [2011] proposed the improved theoretical equation: b 5 8Ca2/(C 1 40Ca2), where C is an unknown
quantity that needs to be determined, presumably experimentally. The range of Ca in their experimental work
was from 2.6 3 1024 to 1. The improved theory, however, did not sufﬁciently ﬁt their laboratory measurements. Therefore, here we directly ﬁt the low capillary number laboratory measurements from Beresnev et al.
[2011] and found an empirical equation which we implemented in our models. From the Table 3 of Beresnev
et al. [2011] for Ca  0.01, we ﬁt the equation: b 5 0.0412log10(Ca) 1 0.1473. This empirical coupling equation
was then substituted into the theoretical model through the initial condition of (3).
2.4. Key Controlling Parameters
The key controlling parameters in the snap-off theoretical model include Ca, a, L, and la. Here, Ca is varied
from 3 3 1024 to 1 3 1022, which is within the Ca range in the experimental work of Beresnev et al. [2011],
for using the empirical ﬁlm thickness equation. When the Ca is smaller than 3 3 1024 in the model, we cannot use the empirical equation for b since this will result in b < 0. The Ca could be several orders of magnitude greater than the macroscopic or bulk capillary number. The bulk capillary number is usually in the
range from 10210 to 1025 in current multiphase ﬂow studies. This capillary number difference in scale can
be attributed to the local dynamic processes inside pores: while the bulk capillary number is determined by
the averaged ﬂow velocity, the local capillary number is determined by the dynamic local ﬂow velocity
within pores. For example, during drainage, local ﬂow in pores could be extremely slow when the front
menisci are approaching the pore constrictions or extremely fast when a Haines jump happens; Haines
jumps are frequently observed in multiphase ﬂow spanning multiple pores and result in an abrupt increase
in local ﬂow velocity inside pores, which is independent from the bulk ﬂow rate [Berg et al., 2013; Armstrong
and Berg, 2013].
The a was varied from 0.2 to 0.5, and L was varied from 3 to 16. We set the la 5 1 in order to focus on the
Ca effects. In the numerical simulations, the maximum simulated time was smax 5 2 3 105. If snap-off did
not occur by this smax, we assumed that there was no snap-off. If we take lw* 5 0.001 Pas, Rb 5 1024 m,
and r* 5 0.02 N/m as references, the t* is equal to 5 3 1025 seconds for s 5 1, and the corresponding

dimensional time is thus tmax
5 10 s.

3. Results and Discussion
3.1. Effect of Ca on Snap-Off Occurrence
In addition to the static criteria for snap-off, which is determined solely by the wall conﬁguration, our results
show that Ca also determines the occurrence of snap-off. In the illustrative cases in Figure 2, a 5 0.4, L 5 14,
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la 5 1, according to the static criterion of Deng et al. [2014], snap-off
should occur in this pore. From Figures 2a and 2b, we can see that the
interface reaches r 5 0 and that snapoff took place at Ca 5 0.0006 and
Ca 5 0.001, although the snap-off
time changes with Ca. However, as
the Ca increased to 0.0019, snap-off
eventually became inhibited (Figure
2c). Although the pore wall conﬁguration meets the snap-off criterion, the
interface needs sufﬁcient time to
Figure 3. Diagram illustrates the local capillary number Ca upper limits for the occurevolve to a ‘‘V’’ shape (Figure 2a) to
rence of snap-off with respect to different pore body distance L and pore throat to
pore body aspect ratio a. In all cases, the static snap-off criterion is exceeded.
ﬁnally reach its rupture state. However, fast ﬂow in the pores can inhibit
instability of the interface due to surface tension and ﬂushing of the V-shaped interface. Therefore, an upper
limit for Ca for snap-off occurrence exists, even where the static criterion based on the pore wall conﬁguration has been met. It should be noted that the theoretical results we present in Figures 2 and 5 are compressed and normalized in the horizontal direction for the convenience of the presentation in the paper.
The actual interface for snap-off is not a ‘‘V’’ shape but much smoother.
We further analyzed the Ca upper limits for snap-off by a series of simulations whose results are illustrated in
Figure 3. We found that snap-off occurred within the darker ﬁlled area in Figure 3 for each case of a. Beyond
this darker ﬁlled area, snap-off did not occur even though there is surface tension imbalance in the pore and
thus snap-off potential existed. In Figure 3, the vertical left boundary of the ﬁlled areas where snap-off
occurred is exclusively determined by the static (or quasistatic) snap-off criterion at low Ca [Deng et al., 2014]
but mostly determined by the Ca as it increases. The current static (or quasistatic) criteria actually only predict
the vertical left boundary of the ﬁlled areas suitable for the snap-off occurrence in Figure 3. According to current static (or quasistatic) criteria, the snap-off is only determined by the surface tension imbalance at the
adjacent pores. However, pressure distribution spanning many pores can affect the occurrence of snap-off by
affecting the local capillary number at the local pore. The area ﬁlled with diagonal lines (i.e., L  16) was not
considered in our analysis, but it does not predicate the absence or presence of snap-off in this region.
Different a could result in different Ca upper limits. According to our studies, larger a resulted in smaller Ca
upper limits and required larger L for snap-off, i.e., the left boundary of the darker ﬁlled area. For a given a,
the Ca upper limit ﬁrst increases with
L and then decreases. This initial
increase followed by a decreasing
trend is more prominent for smaller a.
This is because when L is larger, the
local capillary pressure imbalance
between the pore throat and pore
body is larger, and the driving force
for the snap-off is larger. On the other
hand, when L is larger, the time for
the wetting ﬂuid to travel through the
ﬁlm to form a wetting phase collar for
snap-off is longer. In this situation,
even if the V-shaped interface instability has been initiated, the relatively
large local discharge more effectively
inhibits snap-off. With the increase of
Figure 4. Change of snap-off time ss with respect to the local capillary number Ca
L, the increased driving force for snapwith different pore throat to pore body aspect ratios a. The pore body distance is
off and increased wetting ﬂuid travel
ﬁxed at L 5 10.
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Figure 5. Illustration of the increase of snap-off time ss with the increase of local capillary number Ca and the migration of snap-off position downstream at meantime. The colored vertical dashed lines correspond to the snap-off positions for the different Ca.

time through the ﬁlm for snap-off compete and counter-act each other. Therefore, this leads to a peak in
the Ca upper limit with the increase of L. For a given L, the smaller a results in larger local capillary pressure
imbalance between the pore throat and pore body, i.e., the driving force for snap-off is larger. Therefore, for
the smaller a, the Ca upper limits are always larger (Figure 3).
3.2. Effect of Ca on Snap-Off Time
We studied how the Ca affected the snap-off time ss with respect to different a and L whose results are illustrated in Figure 4. In all the studied cases, L 5 10. For the larger a, the ss is always longer and the Ca upper
limit is smaller. As we discussed as above, this is because the local capillary pressure imbalance between
pore throat and pore body is larger for larger a. The ss is not monotonically decreasing with respect to the
Ca, and the curve is a composite of several segments of reverse J-shaped curves. Each segment of the
reverse J-shaped curve represents a migration of snap-off position in the pore; usually
the snap-off position migrates downstream
with an increase in Ca. This migration of
snap-off position is illustrated in Figure 5.
The snap-off at smaller Ca occurs at a closer
position as demonstrated by the reddashed line in Figure 5. When the Ca
reaches a certain limiting value, the snapoff position will migrate downstream as
demonstrated by the green and bluedashed lines in Figure 5. The ss suddenly
increases, and then keeps decreasing with
increasing Ca without changing its snap-off
position. When the Ca reaches another limiting value, the snap-off will suddenly
Figure 6. Change of snap-off time ss with respect to the local capillary numincrease again by further migrating its posiber Ca with different pore body distance L. The pore throat to pore body
tion downstream (Figure 5).
aspect ratio is ﬁxed at a 5 0.4.
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Figure 6 illustrates the relationship between ss and Ca with respect to different L when a 5 0.4. The curves
are also a composite of segments of reverse J-shaped curves. Compared to a, the changes in ss with L is
irregular. The ss ﬁrst decreases with L, e.g., from L 5 6 to L 5 7. Then, the ss increases with L. The change
of ss with L is not prominent when the Ca is small and the ss is still within the ﬁrst segment of the reverse
J-shaped curve. When the Ca keeps increasing, the ss falls into the second or third segment of the reverse
J-shaped curve and the changes of ss with L become indistinguishable. From Figure 6, we can also observe
that the Ca upper limit ﬁrst increases with L until L 5 9 and L 5 10, and then the Ca upper limit decreases
with L.
The implications of the results of our study on current dynamic pore-network modeling strategies and interpretation of residual trapping experiments are further discussed in supporting information.

4. Conclusions
1. Through our theoretical analysis of snap-off dynamics, we found the following:
The local capillary number affects the occurrence of snap-off: there are upper limits for local capillary
number for snap-off to occur even where the static (or quasistatic) snap-off criterion has been exceeded.
2. The snap-off time dependence on the local capillary number follows a composite of segments of reverse
J-shaped curves. This is due to the snap-off position migrating downstream with increase in local capillary number. Each new migration of snap-off position results in a dramatic increase in snap-off time and
the onset of a new segment of a reverse J-shaped curve.
3. The snap-off time monotonically increases with pore throat to body aspect ratio.
4. The snap-off time ﬁrst decreases with the pore body distance and then eventually increases with further
increases with the pore body distance.
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